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We are in the process of building complex autonomous
systems that

m perceive their environment,
m exchange information, and

m decide independently on their actions based on their
understanding of the world.

Opportunity: The variety of perspectives leads to more
complete worldview.

Problem: Lots of information from different sources can
lead to conflicting worldview.

Requirement: A unified formal method that

m express individual and collective knowledge and
beliefs,

m analyse and justify individual or collective decisions or
conflicts.

— a formal epistemology for autonomous systems



https://www.ich-bin-zukunft.de/allgemein/autonome-autos/

Belief, Knowledge, and Justification—a Long Story Short

369BC
Since 1950

K

KD45

Sb

After 1950

Since 2006

Plato: knowledge is justified true belief. (JTB)

Formalisation of knowledge and belief in epistemic modal
logics:

Basic normal modal logic of 'information’. Information is
closed under logical consequence.

Belief is consistent. (@l — 1).
Introspection principles hold:

To believe is to believe to believe.

Not to believe is to believe not to believe.

Knowledge is true belief. (oo — @)

Whenever ¢ is known, then ¢ must also be true.

Various formal methods dealing with knowledge, belief, and
its representation or change: description logic, AGM belief
revision, temporal logics, dynamic epistemic logics, BDI, ...

Artemov’s Justification Logic J supplies the missing third
component of knowledge as justified true belief [1].

believed (KD45)

justified

information (K)

Knowledge is justified true belief
(JTB)
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Belief, Knowledge, and Justification—a Long Story Short
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Plato: knowledge is justified true belief. (JTB)

Formalisation of knowledge and belief in epistemic modal
logics:

Basic normal modal logic of 'information’. Information is
closed under logical consequence.

Belief is consistent. (@l — 1).
Introspection principles hold:

To believe is to believe to believe.

Not to believe is to believe not to believe.

Knowledge is true belief. (oo — @)

Whenever ¢ is known, then ¢ must also be true.

Various formal methods dealing with knowledge, belief, and
its representation or change: description logic, AGM belief
revision, temporal logics, dynamic epistemic logics, BDI, ...

Artemov’s Justification Logic J supplies the missing third
component of knowledge as justified true belief [1]. But
Artemov’s justification are, in general, not closed under
logical consequence.

Cut Artemov'’s justification logic back to normal modal logics
leads to well-known logic KP. [3]
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information (K)

Knowledge is justified true belief
(JTB)



From Artemov’s Justification Logic to KP

ArtemovV’s Justification Logic J [1]
m Justification terms are abstractions of a logical proof.

m Principle of justification:
si(p—=) >tip— (s-t):e
m Example:

s:(rain — wet), t:rain
(s-t):wet

m Propositional tautologies, like A \V —A, are not justified
ex officio.

m Yields rather complex justification terms, like

((s-(s-1)-(t-s)).

Sergei Nikolaevich Artemov (1951-)
is a logician. He is best known for
his invention of logics of proofs and
justifications.

believed (KD45)

justified (J)



http://www.mathjournals.org/mmj/vol1-4-2001/artemov.html

From Artemov’s Justification Logic to KP

Artemov’s Justification Logic J [1] Sergei Nikolaevich Artemov (1951-)
m Justification terms are abstractions of a logical proof. is a logician. He is best known for

his invention of logics of proofs and
m Principle of justification: justifications.

si(p—=) >tip— (s-t):e

m Example:

s:(rain — wet), t:rain
(s-t):wet

believed (KD45)
m Propositional tautologies, like A \V —A, are not justified
ex officio.

m Yields rather complex justification terms, like

((s-(s-1)-(t-s)).

Today Let - be set union,
use modal O, ¢-notation with ¢¢ = -0-¢

justified (J)


http://www.mathjournals.org/mmj/vol1-4-2001/artemov.html

From Artemov’s Justification Logic to KP

Logic with distributed information K? [3] Sergei Nikolaevich Artemov (1951-)
m Justification terms are abstractions of a logical proof. is a logician. He is best known for

his invention of logics of proofs and
m Principle of justification / information distribution: justifications.

Os(¢ = ¥) = O — Ostt)

m Example:

Os(rain — wet), Oirain
Os.twet

believed (KD45)
m Propositional tautologies, like A V —A, are ret justified
ex officio.

m Yields simple justification terms, like
Os.t-

justified (KB)

Today Let - be set union,
use modal O, ¢-notation with ¢¢ = ~0-¢
information (K)



http://www.mathjournals.org/mmj/vol1-4-2001/artemov.html

m A vehicle with an automated driving system (ADS) is
driving on a multi-lane road. As its lane is blocked, it
has to decide whether it should brake or use the small

gap for the lane change.
m Goals:

(91) Drive fast (as the user is in a hurry).
(92) Considerate driving behaviour (as default).

m Observations:
(o1) The current lane is blocked.
(02) Thereis a gap on the neighbouring lane —just large
enough for a lane change.
m Rules:

(ri) Whenever the lane is blocked, brake or change lane.

(r2) Never change lane when no gap is available.

(r3) Never brake when the goal is to drive fast.

(r4) When the goal is to drive considerately, then change
lane only if there is a large gap.

m The totality of given information is inconsistent!

Formalisation X:

Og, (beFast)

1
Dgz

(

(beConsiderate)
Oo, (LaneBlocked),

(

O

o, (gapAvail A —largeGapAvail)
Or, (laneBlocked — brake V changeLane)

O

r,(changeLane — gapAvail)

Or, (beFast — —brake)
O, (

,(beConsiderate A changeLane — largeGapAvail)



Justifications

m We prove the inconsistency using KP with the
following principle of justification:
Os(¢ — ¥) — Otd — Ot

m The proof:

r3,gi1 = Op;.9, “brake (1)

01, F Oo,.r, (brake V changeLane) (2)

(1),(2) F o, -r; -r3-g; changeLane (3)

ra,92 F Or,.g, (changeLane — largeGapAvail) (4) o

(3),(4) F Doy .ry.rg.rs-a1-g5 1argeGaphvail (5) RS =stion

02, (5) E Doy 0971 -ra-ra-g1 g2 (6) Og, (beFast)
B Uo,.00111514-91-g 1S @ justification for L. It states Og, (beConsiderate)

which observations, rules, and goals have been used Oo, (LaneBlocked),

to derive the contradiction. o, (gapAvail A —largeGapAvail)

Or, (laneBlocked — brake V changeLane)

O

r,(changeLane — gapAvail)

O, (beFast — —brake)

Or

Ts(
(

,(beConsiderate A changeLane — largeGapAvail)




Justifiability

Atoms are the information sources
S ={ri,r2,rs3,rs,91,92,01,02}
Instances are nonempty subsets of S —

Quantify over instances:

m What is justifiability?

» ¢ is justifiable if and only if there exists a consistent S1
instance s of S that justifies ¢. T p)
m Why justifiability?
> ¢ justifiable = good reasons for ¢, F4-01-02 9192

—¢ not justifiable = no evidence against ¢,
even if S is inconsistent

m Formally - 7 G 01 - 92
> Add quantifiers = QK2: .
¢ is justifiable if and only if Ixcs(Ox T A Oxe).

r-ro-rsg-ryq

(Quantification for justification proposed by Fitting in [4].
Supposed to be undecidable.)




. .. . e m Justification principle’
Definition (K% and simplified QK?2) 0. (6 = 1) — Db — Dot i @

consequence of K2.

Let S be a finite set of atoms and V be an enumerable set of propositional
variables. The logic K2 / QK2 is given by the rules and axioms for all = Quantification in QKg is very

restrictive, as there is only one
variable symbol.

instances sand t of S

Ks from ¢ and - ¢ — 4 infer - ¢; (MP) m (Ex) and (Fa) explicitly enumerate
F ¢ if ¢ is aninstance of a prop. tautology; (0) all instances of S!
from F ¢ infer - Os¢; (Nec)
FOs(¢ — ¥) — Os¢p — Osy; (K)
K2 = Ks plus FOsp — O ifsct. (Dist)
QK2 =KZplus I+ Juce() < \/ olr/x] (Ex)
ret
Yeet(8) < A\ ¢lr/x] (Fa)

rct




Semantics

Definition (Kripke structure)

A multimodal Kripke structure for S is the tuple M = (Q, —, 1), where

1. Qis a nonempty set of possible worlds;
2. s is a binary accessibility relation over Q) for any s € S.
3. m(w) is the truth assignment for w € Q.

Definition (Semantics of QK2)

Multi modal Kripke structure M with an interpretation of x given by 5 € S:

Mw,B)FE L Muw,f)EA = Acna(w),

Mw,B)Ed =Y — (M,w,B) E ¢ implies (M,w, 8) E 1,
(M w,B) Eos¢ <= (M,w',B) E ¢ forallw’ € Q withw —s w
(M, w, B)

(M w, B) E Yectp = M,w,B’) E¢forall 3 € Swith g’ =t

We write (M, w) E ¢ if there exists an interpretation § with (M, w, ) E ¢.

E O <= (M,w',B) E ¢forallw’ € Q withw =5 W,

m QK2 is a trivial extension of K2.

m Quantification can also be
restricted by a lower bound.

m Immediately, it follows that QKZ is
sound, complete and decidable.

m Decidability suffers from

exponential blowup due to explicit
enumeration!



Automatic Reasoning in QK2

Prototypical satisfiability solver episat for QKg

begin
m tableau based # Hierarchy
r > r1,r2,r3,r4;
m supports lower and upper bounds for 3 and V, ol
. - o oo s> g;
m tableau unrolled into a Boolean satisfiability problem
. . # r inherits information from ri, r2, r3, r4
(similar to Inkresat [5]) # o inherits from ol, 02 and r
# g inherits from gi, g2 and o
m bit vector encoding of instances # s inherits from g
> for interpretations e
“ ” H [02] ( gapAvailable & ~largeGapAvailable );
> for “owners” of pOSSIble worlds [r1]( %aﬁeBlocked -> brakg | EhangeLane );
a o o a [r2] ( changeLane -> gapAvailable );
m avoids explicit enumeration [£3]( beFast > ~brake )
[r4] ( beConsiderate & changelane -> largeGapAvailable );
B https://vhome.offis.de/~willemh/episat/ (I B O

# We replace the goal g2

# [g2] ( beConsiderate );

# by the default rule

( Fa x, x <= o,gl,g2. ( <x>true -> <x>beConsiderate ) -> [g] beConsiderate )

# I.e., whenever all consistent subinstances of {o,gl,g2}

# consider beConsiderate as possible, then beConsiderate will be necessary for
# the superinstance g.

*

Is the system now consistent?
Fa x, x <= s. ( <x> true );
end

example.episat

$ ./episat example.episat
satisfiable!

[...1

o


https://vhome.offis.de/~willemh/episat/

Tableau for QK?

m Classical rules for A and V:

(w, B) FPNY

w’ﬂ ¢
(@, 8) k1 (W, B)Fo|(wB)Fv
m Os- and Os-rules from [5] and [2]:
(w,B) '= Osd

(wvﬁ) ':D5¢7 WHW/

(©s) (', B)E(scp)ng (Os)

wrHw, w new

W, E(scp) =9

B Oy- and Oy-rules for variable modal operators depending on
the assignment S for x:

(wvﬁ) '=<>X¢ (w,ﬁ) ’sz(b, w'_)w/

(©) (', B E(xcp)rg (3

w—w, w new

W,B)F (xsp) = o

p for “owners”, x for “interpretations”

m J-rule introduces a new valuation 3’ for x constrained by
X € s. The Vy-rule generates a substitution instance for the
upper bound.

(@, 8) E (@)
() @B Excs)Ae (¥o)

B’ new

(w, B) '= \V/x';s(qb)
(w, B) E ¢ls/x]

B Vs- and Vy-rules generates substitution instance of ¢ on
demand

(w, B) E Yes(9), (w,B') E owpor (w,f) oy
(w, ) E (t = s) = ¢t/x]
(w, B) F Yes(4), (w,B') F Oxor (w, ') F Oxp
(W, B)E(xcs)—¢

(Vs)

(Vx)




Conclusion and Outlook




Conclusion

] QKE is a normal logic that supports quantification

over modalities.
m tableau solver avoids explicit enumeration

m justifications similar to Artemov’s justification logic. 9 r 4 ® 5 %,
m embedded in the family of normal modal logics
m a logical framework for dealing with inconsistent
information — without discarding information
¥ S - S .- N PP P L

~ J



https://www.dreamstime.com/
https://www.pxfuel.com/

Outlook / Future Work

Layered systems
m |dea: beConsiderate if there is no evidence against it.

Z UK highway code
B Vcg(Ox T — OxbeConsiderate)) — i
OgbeConsiderate
m Additional €-constraints on S Z pe considerate

» . for horizontal layers —the dimension of justification
» C for vertical layers —the dimension of causal relations
» already supported by the solver blocked Z free
» preliminary paper available at
https://vhome.offis.de/~willemh/episat/

m Adding positive and negative introspection principles

m Comparison with other solvers, SPASS is the
canonical candidate

m Temporal, first-order, probabilistic(?) extensions...
m Practical applications and case studies



https://vhome.offis.de/~willemh/episat/
https://culture.kissflow.com/be-an-addict-of-introspection-9e01d50be90/
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Tableau: Constraints:

( ) Fo

(wo, Bo) F OsA

(w 0) F Ot(A = B)

( ) ’: 3><Crst(<>xT/\|:|xB)

Solver assignments:

Model for:
0B A OA A O:(A — B) A Tucrst(Ox T A OxB)

wo

Color code:
under consideration | worked off | solver



Tableau: Constraints:

( )FD

(wo, Bo) F OsA

(w 0) F O:(A — B)

(wo, Bo) F Fxcrst(OxT ADKB)  (3)

Solver assignments:

Model for:
0B A OA A O:(A — B) A Tucrst(Ox T A OxB)

wo

Color code:
under consideration | worked off | solver



Tableau: Constraints:

wO,,Bo r—\B b — x(ﬂl)£r~s~t
wo

wo Dt(A — B)

3><Crst(<>xT/\|:|xB) \/

E

wo
wo

( )
(wo, o)
(wo, o)
(w 0)
(wo, B1)
(wo, B1)
(wo, B1)

TTTTTTT

Solver assignments:

Model for:
0B A OA A O:(A — B) A Tucrst(Ox T A OxB)

wo

Color code:
under consideration | worked off | solver



Tableau: Constraints:

(wo, Bo) F OB ly <= x(B1)cSr-s-t
(w07 50) ’: DsA

(wo, Bo) E O:(A — B)

(LUQ, ,30) ’2 ng.s.t(oxT N DXB) v

(wo,B1) Elr (7)

(wo, B1) E OxT

(LUQ, ,31) ’= DXB

Solver assignments:

Model for:
0B A OA A O:(A — B) A Tucrst(Ox T A OxB)

wo

Color code:
under consideration | worked off | solver



Tableau: Constraints:
(woﬁo) Fo—B b <= x(B1)Sr-s-t
(wo, Bo) F OsA
(wo, o) E Ox(A = B)
(w ) ’: 3><Crst(<>xT/\I:|xB) A
(o, B) El v
(wo, B1) F OxT
(wo, 1) F 0B
Solver assignments:
X(/B1) ‘=S
Model for:

0B A OA A O:(A — B) A Tucrst(Ox T A OxB)

wo

Color code:
under consideration | worked off | solver



Tableau: Constraints:
(wo,ﬁo) Fo—B 06 <= x(B1)CSr-s-t
(wo, Bo) [ OsA
(wo, Bo) E O:«(A — B)
(w ) ’: 3><Crst(<>xT/\I:|xB) A
(wo,Br) Flr
(wo, B1) E OxT  (Ox)
(wo, B1) F OxB
Solver assignments:
X(/B1) ‘=S
Model for:

0B A OA A O:(A — B) A Tucrst(Ox T A OxB)

wo

Color code:
under consideration | worked off | solver



Tableau: Constraints:
(wo, fo) F OB b <= x(f1)<Sr-s-t
(w0750) ’: OsA by <— X(ﬂl) o= p(wl)
(w0750) ’= Dt(A = B)
(w07 /BO) ’: 3><§r-s-t(<>xT AN DXB) A
(wo, B1) by v
(wo,B1) EOXT
(LUQ, ,31) ’= oxB
(w1,61) E €2 - . .
(wi,B1) ET olver assignments:
X(B1) :=s
Model for:
0B A OA A O:(A — B) A Tucrst(Ox T A OxB)
wo w1
Color code:
under consideration | worked off | solver

p(w1)



Tableau: Constraints:
(wo, fo) F OB b <= x(f1)<Sr-s-t
(w0750) ’: OsA by <— X(ﬂl) o= p(wl)
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(wo, B1) by v
(wo,B1) EOXT
(LUQ, ,31) ’= oxB
(w1,61) B2 (7) - . .
(wi,B)ET v olver assignments:
X(B1) :=s
Model for:
0B A OA A O:(A — B) A Tucrst(Ox T A OxB)
wo w1
Color code:
under consideration | worked off | solver

p(w1)



Tableau: Constraints:
(wo, fo) F OB b <= x(f1)<Sr-s-t
(w0750) ’: OsA by <— X(ﬂl) o= p(wl)
(w0750) ’= Dt(A = B)
(w07 /BO) ’: 3><§r-s-t(<>xT AN DXB) A
(wo,B1) Elr V
(wo,B1) EOXT
(LUQ, ,31) ’= oxB
(wi,B1) Bl v .
(wi,B)ET v Solver assignments:
7 X(B1) :=s
p(wi) :=s
Model for:
0B A OA A O:(A — B) A Tucrst(Ox T A OxB)
wo w1
Color code:
under consideration | worked off | solver

p(w1)



Tableau: Constraints:
(wo, fo) EO—B  (Or) b <= x(f1)<Sr-s-t
(wo, Bo) EOsA  (Os) by <= x(B1) S p(w1)
(wo, o) EO:(A —B) (o)
(w07 /BO) ’: 3><§r-s-t(<>xT AN DXB) A
(wo,B1) Elr V
(wo, B1) E ©xT « enableso
(LUQ,/B1) ’= OxB (Dx)
(wi,B1) Ela :
(wi,B)ET v Solver assignments:
’ x(B1) :==s
p(wi) :=s
Model for:
0B A OA A O:(A — B) A Tucrst(Ox T A OxB)
wo w1
Color code:
under consideration | worked off | solver

p(w1)



Tableau: Constraints:
(wo, Bo) F OB Uy < x(B1)<Sr-s-t
(wo, Bo) E OsA by <= x(B1) S p(w1)
(w0750) ’= Dt(A — B) I3 < rC p(wl)
(LUQ, ,30) ’= ng.s.t(oxT N DXB) v by < sC p(wl)
(w():ﬂl) ’=E1 v by <— tgp(bh)
(wo,Br) FOxT v bs = x(B1) € p(w1)
(LUQ, ,31) ’= DXB
(wi,B1) Fl2 .
(Wi,B)ET v Solver assignments:
(w1, Bo) F 43 — —B x(f1) = s
(@i, B0) F s — A P(w) :=s
(w1,50) ’= l5 — (A — B)
(wi,61) Fbs — B Model for:
0B A OA A O:(A — B) A Tucrst(Ox T A OxB)

wo w1
Color code:
under consideration | worked off | solver

p(w1)



Tableau: Constraints:

(wo, Bo) F OB ly <= x(B1)cSr-s-t
(wo, Bo) F OsA ly = x(f1) € p(w1)
(w0750) ’= Dt(A — B) ls <= rc p(wl)
(LUQ, ,30) ’2 ng.s.t(oxT N DXB) v by < sC p(wl)
(w():ﬂl) ’=E1 v by <— tgp(bh)
(wo, B1) EOxT v ls <= x(B1) S p(w1)
(LUQ, ,31) ’= DXB

(w1,81) Els v ;

(Wi, B1) ET v Solver assignments:
(w1, o) F £ — =B (V) X(By) = s

(wn,fo) Fla A (V) P(wr)i=s

(w1,B0) Els = (A—=B) (V)

(w1,81) Fls = B (V) Model for:

0B A OA A O:(A — B) A Tucrst(Ox T A OxB)

wo w1

Color code: G e
under consideration | worked off | solver



Tableau:

(wo”@’o) ’= DrﬂB

(wo, Bo) F Os

(wo, Bo) E Dt(A — B)

(w07/30) ’: 3><Crst(<>xT/\|:|xB) v

(wo, B1) by v

(wo, B1) E <>xT v

(LUQ,,B1) ’:

(w1, B1) F Lo /

(wi,B)EFT v

(w1,ﬁo) )= €3 —-B Vv

(wl,ﬂo) ’=€4 —A Vv

(w1 ﬁo) ’=€5 — (A—>B) v

(W1,B1) )=€6 —-B Vv

(w1, 80) F 45 | (w1,B0) E B

(w1, Po) F —La | (w1,B0) EA

(w1, Bo) E —¢s | (w1,P0) E (A —B)
(w1,81) F s | (w1,81) EB

Color code:

under consideration | worked off | solver

Constraints:

0y < x(B1)<Sr-s-t
by <= x(B1) S p(w1)
ly <= r < p(wr)
ly <= scp(wr)
€5<:>th(w)
t6 < x(B1)  p(w1)

Solver assignments:

X(B1) :=s
p(wi) :==s
Model for:

0B A OA A O:(A — B) A Tucrst(Ox T A OxB)

wo w1



Tableau: Constraints:

(wo, Bo) F OB lp <= x(B1)<r-s-t
(wo, Bo) F OsA ly = x(B1) < p(w1)
(wo, Bo) E O:«(A — B) ls <= rcp(w) x

(wo, Bo) ’: Iicrst(Ox T ADOKB) v by <= scp(w) vV
(wo, 1) Elr v by <= tcp(wi) x
(wo, 1) E OxT Vv by <= x(B1) S p(w1) v
(LUQ, ,31) ’= DXB

(wi,B1) Ela .

(wW,B)ET v Solver assignments:
(wi,B0) Efs = —B v X(BHE=s

(wl,ﬂo) ’=€4 —A Vv p(w1) =8
(w1,50))=€5—>(A—>B) Ve

(w1,81) Fle > B v Model for:

(wi,00) F~ts v | (w1,60) F-B OB A OsA A Ot(A — B) A Fxcrst(Ox T A OxB)
(w1,ﬁo) ’= —|£4 X | (w1,ﬁo) '=A v

(wi,B0) E~¢s v | (w1,80) F(A—B) x wo w1

( ) x | JEB v

B
wi, B1) E s wi,B1) EB
Color code:
under consideration | worked off | solver



Tableau: Constraints:

(wo, Bo) F OB lp <= x(B1)<r-s-t
(wo, Bo) F OsA ly = x(B1) < p(w1)
(wo, Bo) E O:«(A — B) ls <= rcp(w) x

(wo, Bo) ’: Iicrst(Ox T ADOKB) v by <= scp(w) vV
(wo, 1) Elr v by <= tcp(wi) x
(wo, 1) E OxT Vv by <= x(B1) S p(w1) v
(LUQ, ,31) ’= DXB

(wi,B1) Ela .

(wW,B)ET v Solver assignments:
(wi,B0) Efs = —B v X(BHE=s

(wl,ﬂo) ’=€4 —A Vv p(w1) =8
(w1,50))=€5—>(A—>B) Ve

(w1,81) Fle > B v Model for:

(wi,00) F~ts v | (w1,60) F-B OB A OsA A Ot(A — B) A Fxcrst(Ox T A OxB)
(w1,ﬁo) ’= —|£4 X | (w1,ﬁo) '=A v

(wi,B0) E~¢s v | (w1,80) F(A—B) x wo w1

( ) x | JEB v

B
wi, B1) E s wi,B1) EB
Color code: &AB
under consideration | worked off | solver



Tableau: Constraints:
(wo, Bo) F OB 0y < x(B1)<Sr-s-t
(wo, Bo) E OsA by <= x(B1) S p(w1)
(w0750) ’= Dt(A — B) ls <= rc p(wl) X
(LUQ, ,30) ’= ng.s.t(oxT N DXB) v by < sC p(wl) v
(wo, 1) Elr v by <= tcp(wi) x
(wo, B1) EOxT v ls <= x(B1) S p(w1) v
(LUQ, ,31) ’= DXB
(wi,B1) Fl2 .
(Wi,B)ET v Solver assignments:
(wi,B0) Efs = —B v o)
(wl,ﬂo) ’=€4 —A v p(w1) =8
(w1,50))=€5—>(A—>B) Ve
(wi,81) Fls =B v Eventually found a model for:
(wi,80) E~ls v | (w1,f0) F B x OB A OsA A Ot(A — B) A Fxcrst(Ox T A OxB)
(wi,B0) F s x | (wi,B0) FA V
(w1,ﬁo) )Z s v | (wl,/Bo) )Z (A = B) X wo w1
(wi,Br) F~le x| (w,B1)EB v
Color code: 2,AB
under consideration | worked off | solver

p(w1)
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